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MO PAU
&5
I. Ly do chon a2 tai

Toan hoc ndi chung va toan hoc phd thong néi riéng da gitp nguoi hoc,
ngudi nghién ciru n6 c6 duoc kién thirc, tu duy logic va kha niang suy luan. Déi
v61 nhitng hoc sinh trung hoc co s&, toan hoc da hinh thanh cho cac em nhiing
kién thirc co s& ban dau, nhirng kién thirc co ban nhét cua toan hoc hién dai. Qua
nhitng bai hoc, nhitng vin dé toan cung véi nhitng cach thirc suy luan da gitp
cac em hinh thanh tu duy toan hoc.

Toan hoc so cap c6 18 1a mang toan hoc doi hoi tri thong minh, 6c tu duy linh
hoat ctia ngudi hoc, trong d6 bat dang thic (BDT) 1a van dé hay va kho. Tir cac
16p trung hoc co s6, hoc sinh dugc gidi thiu mot cach co ban nhat vé bat dang
thire, phuong phap chimg minh bat dang thirc. Va hau hét nhimng nguoi da hoc
bt dang thire, ai cling biét vé mot bat dang thire kinh dién, noi tiéng: bt dang
thirc Co6-si. Nhung mot thuc té chung ddi v6i hoc sinh pho thong 1a viéc van
dung bat dang thire C6 - si vao gidi toan gip rat nhiéu kho khin. Chinh vi vay,
dé gitp hoc sinh c6 thé khac phuc phan nao nhitng khé khin trén, toi viét dé tai
Mot 56 kj thudt sie dung bit ding thive Cé - Si*"

I1. Nhiém vu, muc dich caa de tai

Dé tai "Mét sé ky thudt siv dung bt dang thire C6 - si** s& gioi thidu dén
v6i hoc sinh vé bat dang thirc Co6 — si va mot sb ki thuat str dung bt dang thirc
Co-si. Bén canh d6, dé tai cling chi ra nhirng sai 1am thudng gip khi hoc sinh str
dung bat dang thic Co — Si.

Dé tai dugc viét theo cach thirc 1y thuyét di kém véi vi du minh hoa. Bén
canh viéc cung cdp, tong két nhitng cach sir dung bat dang thirc C6 - si, dé tai
con gio1i thiéu nhirng bai toan minh hoa, ap dung cac k¥ thuat dugc gioi thiéu.

I11. Pham vi ciaa deé tai

Vi hoc sinh trung hoc co sd, 16p 8 cac em méi duoc gidi thiéu va tiép cin
v6i bat dang thirc nodi chung va bat dang thic CO -si néi riéng. Vi vay, dé tai
"Mot s6 ky thudt siv dung bit ding thire Cé - Si'" hudng t6i viéc gitp cho hoc
sinh 16p 8; 16p 9 ¢6 dugc nhirng kién thic vé bat dang thie Co-si va mot sd k¥
thuat str dung tir d6 gitip cho cac em phat trién tu duy vé bt dang thirc, dit nén
mong cho cac cap do 16n hon sau nay.

IV. Péi twong nghién ciru va phwong phap tién hanh

Dé tai tap trung nghién ctru Vé bat déng thitc Co-si. Trén co sé nhitng kién
thirc co ban vé dang bat dang thirc, tong két mot k¥ thuat thudng dung.

Phuong phap chu yéu cua dé tai 1a phuong phap nghién ctru va tong két
kinh nghi¢m trong thuc té giang day.
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1. Bat diang thirc Cé — Si (CAUCHY)

Chuong 1. GIOI THIEU BAT PANG THUC CO - S|

1.1.Dang tong quat (n sd): VX1, X2, X3 ........ Xn >0 ta co:
‘ X+ X+,
e Dang 1: 2n =2 0% X X
e Dang?2: X X Xy ZN 0K Ko, Xq
e Dang3: (X1+X2:]_ an > X Xpeerrrrerene X,
Dau ““ = ” xdy ra khi va chi khi: X =Xy =i =X
Hé¢ qua 1:

- - 3 SY
Neu: X +X)+.oet Xy =S =cONSt thiz Max(P=XX,.oonn. Xn):(ﬁj
kKhi X, =X, =.couenie. =Xy
Hé qua 2
NEU: XX, X, =P=const thi: Min(S=X +X......... +X,)=nP
Khi X, =X, =.cooevnns =X, =P

1.2.Dang cu thé (2 sd, 3 s6 ):

n=2:Vx,y=>0 khido: n=3:Vx,y,z>0 khi do:

1.2.1 %2@ X+g+22§/xyz

1.2.2 X+Yy>2./xy X+Yy+2>3 xyz

2 3
1.2.3 (ﬂj > Xy (x+y+z} > Xyz
2 3

1.2.4 (x+y)224>w (x+y+z)3227xyz

1.25 1+£2i 1+1+12 J
X Yy X+y X Yy Z X+y+z

126 E L, 4
Xy (X+Y) XyZ (X+Yy+2)

Binh luén:

e DPé hoc sinh dé nhd, ta néi: Trung binh cong (TBC) > Trung binh nhdn

(TBN).

e Dang 2 va dang 3 khi dat canh nhau ¢ vé tam thudng nhung lai giup ta nhan
dang khi sit dung BDT C6 Si: (3) danh gia to TBN sang TBC khi khong c6
ca can thuec.
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2. Nhirng quy tic chung trong chirng minh bt ding thirc sir dung bat ding
thire C6 — Si:

Quy tic song hanh: hau hét cac BDT déu co tinh ddi xtng do do viée sir
dung cac chimg minh mot cach song hanh, tuin tu s& gitp ta hinh dung ra dugc
két qua nhanh chong va dinh hudng céch gié nhanh hon.

Quy tic ddu bang diu bang “ = > trong BDT la rat quan trong. N6 giup
ta kiém tra tinh dung dan cta ching minh. N6 dinh huéng cho ta phuong phap
giai, dua vao diém roi cia BDT. Chinh vi vay ma khi day cho hoc sinh ta rén
luyén cho hoc sinh ¢6 thoi quen tim diéu kién x4y ra dau bang mic du trong cac
ki thi hoc sinh c6 thé khong trinh bay phan nay. Ta thay duoc wu diém cta dau
bang dic biét trong phuong phap diém roi va phuong phap tach nghich dao
trong ky thuat su dung BDT C6 Si.

Quy tic vé tinh dong thoi ciia dau bang: khong chi hoc sinh ma ngay ca
mdt s6 giao vién khi mdi nghién ctru va chiing minh BPT ciing thuong rat hay
mic sai lam nay. Ap dung lién tiép hodc song hanh cac BDT nhung khong chi y
dén diém roi cua dau bang. Mot nguyén tic khi 4p dung song hanh cac BPT 1a
diém roi phai dugc doéng thoi xay ra, nghia 1a cac dau “ = ” phai dugc cing
duogc thoa man voi cung mot diéu kién cua bién.

Quy tic bién: Co s6 cua quy tac bién nay 1a cac bai toan quy hoach tuyén
tinh, cac bai toan ti wu, cic bai toan cuc tri co diéu kién rang budc, gia tri lon
nhat nho nhit ctia ham nhiéu bién trén mot mién déng. Ta blet rang cac gid tri
16n nhit, nhé nhat thudng xay ra & cac vi tri bién va cac dinh nim trén bién.

Quy tic doi xirng: cac BT thuong c6 tinh ddi xting vay thi vai tro cua
cac bién trong BDT 1a nhu nhau do d6 dau “ = ” thuong xay ra tai vi tri cic bién
d6 bang nhau. Néu bai toan c6 gin hé diéu kién ddi xtmg thi ta c6 thé chi ra ddu
“ =" x4y ra khi cac bién bang nhau va mang mot gia tri cu thé.

Chiéu ctia BPT : “ >, “ <” ciing s& giup ta dinh huéng dugc cach ching minh:

danh gia tor TBC sang TBN va nguoc lai

Trén 1 5 quy tic s& gitp ta c6 dinh hudng dé chimg minh BPT, hoc sinh sé& thuc
su hiéu duoc cac quy tic trén qua cac vi du va binh luin & phan sau.
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CHUONG 2. MOT SO KY THUAT SU DUNG BDPT CO - SI

1. Ky thuit 1. Danh gia tir trung binh cdng sang trung binh nhén.

Panh gia tir TBC sang TBN 1a danh gia BDT theo chiéu “ > . Panh gia tir tong
sang tich.

Bai 1: Ching minh rang: (a2 +b2)(b2 +C2)(C2 + az) >8a’h*c* va,b,c
Giii
Sai lam thwong gap:
Str dung: V X, y thi X% - 2xy + y? = (X-y)?>0 < x? + y?> >2xy. Do dé:
a*+b*>2ab
b’+c¢?>2bc = (a*+b*)(b?+c?)(c* +a*)>8a’h’c® Va,b,c (Sai)
c’+a*>2ca
2>-2
Vidu: 13>-5 = 24=23.4>(-2)(-5).3=30 (Sai)
4> 3
Loi gidi dung:
Str dung BDT C6 Si: x?+y? >2.,/x?y* = 2|xy| ta co:
a’+b’>2|ab|>0
b?+c? > 2Jbc] >0 :>(a2 +b2)(b2 +c2)(c2 +a2)28| a2h2c?|=8a%?c? Va,b,c (Pu
c’+a’>2|ca|20
ng)

Binh luin:

e Chi nhan cac Vé ctia BDT cung chiéu ( két qua dugc BPT cung chiéu) khi
va chi khi cac vé cung khong am.

e Cancha yrang: x®+y? > ZW = 2|xy| Vi x, y khong biét am hay
duong.

e Noi chung ta it gap bai toan sir dung ngay BDT C6 Si nhu ba1 todn noi trén

ma phai qua mot va phép bién doi dén tinh hudng thich hop roéi méi str dung
BDT Co Si.

e Trong bai toan trén d,éu “>7 = danh gia tu TBC sang TBN. 8 = 2.2.2 go1
y dén viéc st dung bat dang thirc C6-si cho 2 s0, 3 cap so.

Bai 2 : Ching minh rang: (\/5+\/5)8 >64ab(a+b)* Vab>0
Giai

(Va+b) =[(J5+ JB)ZT _[(a+b)+24ab] ¥ [24/2(a+b)\/%}4 _2*2%ab.(a+b)’ =
= 64ab(a+b)?
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Bai 3: Chirng minh rang: (1 + a+b)(a+ b+ ab)>9ab Va, b>0.
Tacoé: (1 +a+Db)a+b+ab)> 3Jlab. 33abab=9ab

Binh luén:

e 9=3.3goiy st dung Cd-si cho ba sd, 2 cip. Mdi bién a, b duoc xuat hién
ba lan, vay khi sir dung C6 Si cho ba s6 s€ khir dugc can thirc cho céc bién
do.

Bai 4: Ching minh rang: 3a®+ 7b%®>9ab?V a, b >0

-
Giai: Ta co: 3a% + 73> 3a%+ 6b% = 333 + 30% + 30° > 3¥3%a’hs = 9ap?
Binh luin:

e 9ab?=9.ab.b = goiy dén viéc tach hang tir 7b° thanh hai hang tir chira b
de khi ap dung BDT Co-si ta co b2. Khi da c6 dinh huéng nhu trén thi viéc
tach cac hé so6 khong c6 gi kho khan.

a,b,c,d>0 1
Bai5: Cho:: 1 1 1 1 >3 CMR: abcd £8—1
l+a+1+b+1+c+1+d -

Giai
Tur gia thi€t suy ra:

1 1 1 1 \_ b C d cos bcd
mz(l mj*(l‘mj{l‘ud]‘ L+b Trctivd 33\)/(1+b)(1+c)(1+d)

Vay:
1 bcd
Tra > i/(1+b)(1+c)(1+d) =0
izsi/ cda >0
1+b (l-l- C)(l-l—d)(l-l‘ a) N 1 >81 abed
1., dca . (1+a)(1+b)(1+c)(1+d)  (1+a)(l+b)(1+c)(1+d)
T+c ™ {(1rd)T+c)(lra)
1 abc
Ted > i/(l+a)(1+b)(l+c) =0
1
= abcd 738_1
Bai todn tong quadt:
Cho:
DD S X, >0 1
1 1 1 1 B CMR: XX X;eurirnne X, < .
l+x1+1+x2+1+x3+ ......... +1+Xn2n 1 2 (n-1)

Binh luén:
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e D061 voi1 nhitng bai toan co diéu kién la cac biéu thirc d61 xtrng cua bién thi
viéc bién doi di€u kién mang tinh do1 xung s€ gitp ta xir 1i cac bai toan
chimng minh BDT dé€ dang hon

Trong viéc danh gia tor TBC sang TBN c6 mot k§ thuat nho hay dugc st dung.
Do 1a ki thuat tach nghich déo.
2.Ky¥ thuat 2: Ky thuat tach nghich dao.

a,b

Bai 1: CMR: B+522 Yab>0
Giai Ta co: §+Q C§Si 2 §9=2
b a b a
N a+2
Bai 2: CMR; >2 VYaeR
Jaz+1
Giai
2 a*+1)+1 osi
Ta co: a+2:( ) =Jat+1+ 1 C§S' 2\/\/a2+1 1 =2
Jaz+1l Ja?+1 az+1 az+1
. 1
Dau “="xdyra < Ja’+l= sa‘+l=1<a=0
Y Jaz+1
Bai 3: CMR: a+L23 Ya>b>0
b(a—b)

Qiﬁi: Ta c6 nhan xét: b + a — b = a khong phu thudc vao bién b do d6 hang tu
dau a s€ dugc phan tich nhu sau:

a+——T _=b+(a-b)+ ngsi/b.(a—b).%:fs vasb>0

b(a—b) b(a-b) b(a-b)
Déu “ =" xdy ra < bz(a—b):ﬁ <a=2vab=1
Bai 4: CMR: a+ 4 =3 Va>b>0 (1)
(a—b)(b+1)

Giai: Vi hang tir dau chi c6 a cin phai thém bét dé tach thanh cac hang tir sau
khi str dung BDT sé rut gon cho cac thtra s6 dudi mau. Tuy nhién biéu thirc dudi
mau c6 dang (a—b)(b +1)2 (thira s6 tht nhét 14 mot da thic bac nhét b, thira s6 2
la mot thirc bac hai cua b) do do ta phai phan tich vé thanh tich ciia cac da thirc
bac nhat doi vdi b, khi d6 ta c6 thé tach hang tir a thanh tong cac hang tur la cac
thira sO ciia mau.

Vay ta co: (a—b)(b+1)2 =(a-b)(b+ 1)(b + 1) = ta phan tich a theo 2 cach
Sau.

2a+2=2@-b)+(b+1)+(b+1)hoica+l= (a—b)+bT+1+b—§LjL
Tur d6 ta co6 (1) twong duong :
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- 4 (a_m, b+l b+l 4
VT+1—a+1+(a_b)(b+l)2_(a b)+ >t +(a—b)(b+1)(b+1)

Cosi b+1 b+1 4
> 4.,(a-Db). . . =4 C
= ‘{/(a 72 (a—b){b+1)(o+1) = DPCM

Bai 5: Bai toan tong quat:

Cho: X >X, >X,>.cerinneen. X, >0val<keZ.CMR:
1 (n—l)k+2
al+ k k kZ(n—l)k+2 1k
a,(8,=a,) (8,-8;) e (a,,—2) Jk™
Giai
VT =
1
an+(a1—a2)+(a2—a3)+ ..... +(an_1—an)+ - - -
a,(a-a,) (8,-8,) ....(a,,—a)
(alka2)+ _|_(a1ka2)+“+(an1k_an)+m+(an1k_an)+ : 1 :
k k afa-af(a-af a.-a)
z[(n_l)m]{n1}k+§/a"(aa;az)..(al;az)_(an1k‘an)..(an1k‘an). -~
k k a(a-a)(a,-a) .(a,-2a,)
(n—l)k+2

Tém lgi: Trong ky thudt tach nghich dao ky thudt can tich phan nguyén theo
mdu s6 dé khi chuyén sang TBN thi cdc phan chira bién s6 bi triét tiéu chi con
lai hang so.

Tuy nhién trong ky thudt tach nghich dao doi véi bai toan c6 diéu kién rang
budc ciia dn thi viéc tich nghich ddo hoc sinh thirong bi mdc sai lam. Mot ky
thudt thuong dwoc sw dung trong ky thudt tach nghich dao, danh gia tw TBN
sang TBC la ky thudt chon diém roi.

3. K§ thuat 3: K¥ thuét chon diém roi

Trong ky thuét chon diém roi, viéc su’ dung dau “ = ” trong BDT C6-si va
cac quy tic vé tinh dong thoi cua ddu “ =7, quy tic bién va quy tic dbi ximg sé
duoc st dung dé tim diém roi cua b1en

Bai 1: Cho a>2 . Tim gi4 tri nho nhat (GTNN) cta S = a+%

Giai

Sai 1im thwong gip ciia hoc sinh: S = a+% > 2, /a% =2
Déu “ = xdy ra <> a:%@ a=1 = vo i vi gid thiét laa > 2.
Cach lam dung:
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Ta chon diém roi: ta phai tach hang tir a hoac hang tir %dé sao cho khi ap dung
BDT Co-si ddu “ = xay ra khi a = 2. C6 cac hinh thirc tach sau:

la;lj @) Chéng han ta chon so dd diém roi (1):
a a (so do diém roi (2), (3), (4) hoc sinh ty 1am)
1
aa;— 2
1 aj @ 1 2
a7 1 e _ 2_1
il = —=Z =a=4
& aaj ®) 1_1 )
a 2
o
a;,— 4
(=2] @

Vay ta co: S—9+1 %Ta_Z al %Tazl 37222 Dau ’xdy ra < a

= 2.

Binh luin:

e Ta str dung diéu kién ddu “ =" va diém roi 12 a = 2 dya trén quy tic bién dé
timra o = 4.

o O day ta thiy tinh dong thoi ctia diu “ = ” trong viéc ap dung BDT Co-si
cho 2 sb % % va %Tadat gia tri 16n nhit khi a = 2, tc 13 chung c6 cing
diémroilaa=2.

1

Bai 2: Cho a > 2. Tim gia tri nho nhat cia biéu thirc: S = a+¥
Giai

a_2
So dd chon diém roi: |a=2| =% ¢ = 2.1 -8
1.1 7 a4
a? 4
Sai 1am thwong gip:
1a17a 17a27a27.2279
L 48> < Jte_c 00
S=a+= [8+ J 8_28a2 5 8a+8_8.2+8 1717 4:>M|ns

-9
4

Nguyén nhén sai lAm:
Mic du chon diém roi a =2 va MinS = % 1a dap s6 dung nhung cach giai trén da
2 2 2

mac sai lam trong viéc danh gid mau s6: Néu a > 2 thi — la danh

gia sai.

Pé thyc hién 101 giai dung ta can phai két hop véi ky thuat tach nghich dao, phai
bién ddi S sao cho sau khi st dung BDT C6-si s& khtr hét bién s a & miu sb.
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Loi giai dung:

1 a a 1) 6acCosi_laal 6a 3 6a_3 6.2 9
0d M ggad L bd_9,0d5,9,02_ 9
S=ata (8 g* ]+8 > Nggw s 4at8 48 4
V&a=2ﬂﬁhﬁn8=%
a,b,c>0 11 1
Bai 3: Cho 3. Tim gia trj nho nhit cia S=a+b+c+=+Z+=
a+b+c<E a b c
Giai
Sai lam thwong gap:
S= a+b+c+1+1+1>66ab01!;1=6::thSzG
a b c abc

Nguyén nhan sai lam :

MinS=6< a=b=c===

1
a

OIH

=1 = a+b+c= 3>g trai voi giai thiét.

O'|I—‘

Phan tich va tim toi loi gidi:

Do S 13 mot biéu thirc dbi xung voi a, b, ¢ nén du doan MinS dat tai diém roi

—phec=1
a_b_c_2
1
&nﬁdﬁmrm:a:bzc:%:> 11 iL_Z %=§-:>a=4
aa ab ot «
Hoic ta c6 so dd diém roi sau:
N | aa=a 2 a B 1 2 B
a b c
Vay ta c6 cach giai theo so d6 2 nhu sau:
s=[4a+db+dc+i+lil] 3(arb+c) >6J4a4b4 221 3a+b+c)
a b c ‘abc
3 15 1 15
>12— 35_2 Véi a=b=c= 2tthlnS
a,b,c>0
Bai 4: Cho 3. TIMGTNN cia S = J&H~—+JW+~—+J&+~—
a+b+c_2

Giai
Sai lam thwdng gap:

R
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>3J{2 2 1}[2\/& 1}{2\/& 1] 3B=3/2 = MinS=3/2.

Nguyén nhan sai lim:

MinS = 3/2 < a=b=c=
thiét.

Phan tich va tim toi 1oi giai
Do S 12 mdt biéu thirc déi xing voi a, b, ¢ nén dy doan MinS dat tai

=1 = a+b+c=3>g trai voi gia

Ol

1
==

D[

A1
a_b_c_é

1
azzbzzczz_

4 1 4 B
1:1:1:£:>Z_E:>a_16
aa? ab®> ac? «

Loi giai

a2 1 1 , 1 1 ) 1
S_\/a + —16b2+ ..... +—16b2 + \/b +16C2+ ..... +—1602 + JC + 16a2+ ..... +—16a2

16 16

1 1 1 1 1
> \/171</a2. ST \/17 \/bz 6 Tac T \/171</C2_ TSI
| S —— | —— | S ——

16 16

/ a’ / b? / c? — a b c
= 1616 b32 \/1717 1616 C32 + \/17 1616 32 17 (1</168 bl6 + Y 168 C16 + 1{/168 a16 J
a b C
> 17|33 . . 3.4/17
[3\/1(/16%16 1</168c16 l</168a16 ] 168 5b c® 217/ 2a2b20

> 37 1523\/2]7. Déu“Z”Xéyrakhia=b=C=%:>MinS=
21\7/(2a+2b+2cj
' 3
317
2

Binh luin:

e Viéc chon diém roi cho bai toan trén da giai quyet mdt cach dung dan vémat
toan hoc nhung cach lam trén tuong d61 cong kénh. Néu chung ta ap dung
viéc chon diém roi cho BPT Bunhiacopski thi bai toan s€ nhanh gon hon
dep hon.

e Trong bai toan trén chiing ta da dung mot k¥ thuat danh gia tor TBN sang
TBC, chiéu cta ddu caa BDT khong chi phy thudc vao chiéu danh gia ma
n6 con phu thude vao biéu thie danh gia ndm ¢ miu sb hay & tir s6
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4. Ky thuat 4: Ky thuit danh gia tir trung binh nhan (TBN) sang trung binh

cong (TBC)

Néu nhw danh gia tir TBC sang TBN la ddnh gid voi dd’u “> 7 danh gid tir tong
sang tich, hiéu ném na la thay ddu “ + bcfng ddu “ . thl ngu"cfc lai danh gid
tir TBN sang trung binh céng la thay dau “ . bang ddu . Va ciing can

phdi chii y lam sao khi bién tich thanh tong, thi tong ciing phdi triét tiéu hét
bién, chi con lgi hang so.

Bai1:CMR Jab+icd <,f(a+c)(b+d) Vab,c,d>0 (1)

Giai(1) < J ab \/ cd <1 Theo BDT Co-si ta co:

(a+c)(b+d) (a+c)(b+d)
1( a b 1/ ¢ b l1fa+c b+d) 1
Wgz(m+mJ+§[ﬁ+b+d] 2(a+c+b+cj 2 (L+1)=1(dpem)

Binh luin:

e Néu giit nguyén vé trai thi khi bién tich thanh tong ta khong thé triét tiéu an
s6 = ta co phép bién d6i tuong duong (1) sau d6 bién tich thanh tong ta s&
duoc cac phan thirc c6 cing mau sb.

e Diu “<” goiy cho ta néu sit dung BDT C6-si thi ta phai danh gia tir TBN
sang TBC

a>c>0
b>c>0

/c a—c fc b—-c
Giai Ta co (1) twong duong voi : (ab )+ (ab ) <

Theo BDT Co0-si ta c0:

R Il e R

Bai 3: CMR  1+¥/abc <f(1+a)(L+b)(1+c) Vvab,c>0 (1)

Giai: Ta c6 bién d6i sau, (1) twong duong:

AL1+3abe <gf(1+a)(L+b)(1+c) Qi/

Bai 2: CMR c(a—c)+,[c(b—c) <+ab v{ (1)

<1

o J(1+ a><ffi><1+c) =

(ra)[i+bj{i+c) |

Theo BDT Co0-si ta co:
<1{ 1 1 1 } 1[ a b C } 1{a+1 b+1 c+1} 1
+ + + + = + +

=3|1ra "1+b 1+c| 3|1ta 1+b 1tc| 3|1+ta 1+b T+c :§'3:1

Dau“="xdyra<a=b=c>0.

Ta c6 bai toan tong quat 1:

Yad,a, +ibb,.b, <qf(a +b)(a,+b,)......(a, +b,) V¥ a,b>0(i=1n)
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Bai 4 : Chuing minh rang: 16ab(a—b)?> <(a+b)* Va,b>0
Giai
Ta co:

16ab(a—hb)? = 4.(4ab)(a—b)? 34{46‘“(23‘“)1 =4{@} —(a+h)*

- a,b,c>0 8
Bai 5: Cho {a+b+c_1 Chimg minh rang abc(a+b)(b+c)(c+a)< =5
Giai
So do diém roi:
Ta nhan thay biéu thirc c6 tinh ddi xtmg do d6 dau “ = ctia BDT sé& xay ra khi

a=>b :C:%. Nhung thyc té ta chi can quan tdm la sau khi sir dung BDT Co-si

ta can suy ra dugc di¢u kién xay ra dau “ =" 1a: a=b = c¢. Do d6 ta c6 101 giai

Sau:
3
_(1y(2)_ 8
13)13) 729

Trong ky thudt danh gid tir TBN sang TBC ta thdy thuong nhédn thém cdc hang
s6 dé sao cho sau bién tich thanh téng cac téng dé triét tiéu cdc bién. Pac biét
la doi véi nhitng bai todan co thém diéu kién rang buoc cua an so thi viéc nhan
thém hang sé cdc em hoc sinh dé mdc sai lam. Sau ddy ta lai nghién civu thém 2
phwong phdp nita d6 la phwong phdp nhian thém hdng sé, va chon diém roi
trong viéc danh gid tir TBN sang TBC. Do di trinh bay phirong phdp diém roi ¢
trén nén trong muc nay ta trinh bay gdp ca 2 phan .

5. K thuat 5: K§ thuit nhin thém hing s6 trong danh gia tir TBN sang
TBC

Bai 1: Ching minh ring: a\/(b—l) +b\/(a—1) <ab Va,b>1

Giai

Bai ndy chung ta hoan toan cé thé chia ca 2 vé cho ab sau d6 ap dung phuong
phap danh gia tir TBN sang TBC nhu phan trudc di trinh bay, tuy nhién ¢ day ta
ap dung mot phuong phap méi: phuong phap nhan thém hang s

Cos b1+1 b
af(b-1)=a(b-1)1 —az

(a+b)+(b+c)+(c+a)
3

abc(a+b)(b+c)(c+a)COS[a+g+c} {

Taco ) »
pffag-bfap1 T pEIH_2b
= a\/(b—1)+b\/(a—1) < %b+%b—ab
Déu “ =" xdy ra < {b—l:l . {b:Z
a—].:l a:2

Binh luén:
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e Ta thdy viéc nhan thém hing sé 1 vao biéu thirc khong hoan toan ty nhién,
tai sao lai nhan thém 1 ma khong phai 1a 2. Thyc chat cia van dé 1a chung ta
da chon di€m roi ciia BDT theo quy tac biénlaa=b = 1/2.

Néu khong nhan thirc dugce rd van dé trén hoc sinh s& méc sai lam nhu trong VD
Sau.

Bai 2: Cho {

a,b,c>0

Tim gid tri 16n nhat: S=a+b++\b+c+C+a
a+b+c=1

Giai
Sai lam thwong gap:

Ja+b=a+h).1 < w
Jo+c=J(b+c).1 < w =
Jc+a= ﬂ/(c+a).1 < %

2(a+b+c)+3
Ja+b+yb+c+c+a< ( +2+ )* :%

Nguyén nhén sai lAm
Diu“="xayra<>a+b=b+c=c+a=1=a+b+c=2 trai v4i gia thiét.
Phan tich va tim toi loi gidi:

Do vai tro ctia a, b, ¢ trong cac biéu thirc 1a nhu nhau do d6 diém roi ctia BDT s&

la a:b:C:% tﬁ’d(’)tadudoénMaxSZ\/6.:>a+b:b+czc+a:%:

hing s can nhan thém la % Vay o1 gidi dang la:

2

3 2 o [3 (ath)+3

Jath- \g./(a+b).§ s ET?»
Cosi (b+C)+—

Jbrc- \/g/(b+c).§ ¢ p_Ts
Cosi ((H‘al)"‘g

Jec+a= \/g./((wa).% < 273

2

3 2(a+b+c)+3.§ 3
= Ja+b++vb+c+c+a< 5 5 = E.2=\/§

Bai toan trén néu cho diu bai theo yéu cau sau thi hoc sinh sé& c6 dinh hudng t6t
a,b,c>0

hon: Ch
on: Cho {a+b+c:1

N

Chtng minh rang: S=va+b+vb+c+Jc+a<6. Tuy
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nhién néu nam dugc k¥ thuat di€m roi thi viéc viét dau bai theo hudng nao ciling
co theé gidi quyét dugc.

Bai 3: Cho 195%=3 i Max A = (3 x)(12 - 3y)(2x + 3y)
' 0<y<4 - y y
Giai
1 cosi [ (6-2x)+(12-3y)+(2x+3y) |
A=6(6—2x)(12—3y)(2x+3y) < { 3 ]=36

x=0

Dau“="xayra<6-2x =12-3y=2x+3y =6 <:>{y_2

Binh luin:

e Viéc chon diém roi trong bai toan niay d6i voi hoc sinh thudng bi lung ting.
Tuy nhién can ct vao yéu cau khi danh gia tir TBN sang TBC can phai triét
tiéu hét bién cho nén cin clr vao cic hé sb cua tich ta nhan thém 2 vao thira
s6 thir nhat 13 mot diéu hop 1y.

(x+ y)3
Xy?

Bai 4: Cho x, y > 0. Tim Min f(x, y) =
Giai Ta co:
3 3
1 1 (4x+2y+2 1[4 4 3
o= f5(a0)(2y)(2y)< 5| X F ] = S ey) | - 27<x+y>

(x+y)3 (x+y)3 4

= f(x)y) = > =— = Min f(x,y) =
X 4 3 27 27
y’ ﬁ(x+ y)
Diu “ ="xayra < 4x = 2y = 2y < y = 2x > 0. D6 1a tap hop tat ca cac diém

thude du:ong thang y = 2x vo1 x duong.

Thuec ra viéc dé hé sb nhu trén co the tiy y dugc mién 1a sao cho khi sau khi ap
dung BDT C6-si ta bién tich thanh tong cua x + y. ( C6 thé nhan thém hé s nhu
sau: 2X.y.y).

Binh luén:

e Trong bai toan trén yéu cau la tim Min nén ta c6 thé sir dung k¥ thuat danh
gia tir TBN sang TBC cho phan & duéi mau sé vi danh gia tir TNB sang
TBC la danh gia v6i dau “ < nén nghich dao cta nd s& 1a « >,

e Taciing c6 thé danh gia tir s6 tir TBC sang TBN dé c6 chiéu “ >

Bai toan tong quat :

1+2+3+...4+n
o X, X, Xy +%)
Cho X, X, s Xyueeeenenn. X,>0. Tim Mlnf=( >(1.X2.X3 ........... X7
2 3
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Toém lai : Dé sit dung BPT CO-si tir TBN sang TBC ta cin chii y: Chi sé cdn

thire la bao nhiéu thi s6 cdc so hang trong can la bay nhiéu. néu so cdc so hang

nho hon chi so can thi phai nhan thém hang so dé so cac so hang bang chi so

can

6.K¥ thuat 6: Ky thuét ghép doi xirng

Trong k¥ thuat ghép d6i xtig chiing ta can ndm dugc mot sd kiéu thao tac sau:
2(X+y+2)=(X+Yy)+(y+2)+(z+X)

Phép cong: x+y+z:X;y+yJ2rZ Z—|2-X
Phép nhan: x’y°z* =(xy)(yz)(zx) ; xyz=JXxy\[yzvzx (x,y,z 20)
bc ca ab

Bai 1: Chiing minh rang: E+F+?>a+b+c Va,b,c>0
Giai

Ap dung BPT Co-si ta co:
1(bc ca bc ca
ol T D i
2 a+bj_\/ B °
1(ca ab ca ab bc ca ab
1 Z=Z4 2= > 2= 22 = > s =
5 b+Cj_ b G a= a+b+c a+b+c . Ddu“="xdyra < a
Lo ab), e
2la ¢ a c
b=c.
Bai 2: Chl'rngminhréng ot b 222+%+% vabc =0
Giai
Ap dung BDT Co-si ta co:
1 b2 /az b2 |al_a
e > & Y 1954
2 b2 b2'c? |c| ¢
1(b* c¢? /b2 c |bl_b b2 C b c a
ol =|=|>= > 12|+
2(c? a? czaZ |a"a bZJr +a2 +‘b‘+H a+b+c
1(a’ c2 S [ ¢ ‘g>g
2 b2 b2a> |b|” b
Bai 3: Cho tam giac AABC, a,b,c 1a sb6 do ba canh ctia tam giac. CMR:
1 1 1 1 1 1 1
_ — — <= .
a) (p—a)(p—b)(p c)_8abc, b) p—a+p—b+p—c 2[ b CJ

Giai
a) Ap dung BPT C6-si ta co:

17/23



(P—a)+(p-b) ¢
J(p-a)(p-b)< 2( ):§
—-b)+(p-c 1
J(p—b)<p—c)é(p )z(p )=% = (p-a)(p-b)(p-c)<gahe
p-a)+(p—c) b
Jomayp-ej= P20
b) Ap dung BDT Co-si ta c6:
1( 1 N 1 J > 1 > 1 _2
2\ p-a p-b \/(p—a)(p—b) (p—a)+(p-b) c
2
11 N 1 > 1 > 1 _2
2\ p-b p-c \/(p—b)(p—c) (p-b)+(p-c) a
2
1( 1 1 1 1 2
= + > > =<
2l p—-a p-c \/ )(p—c) (p-a)+(p-c) b
2
N 1 + 1 + 1 >0 1 1 l l
p—a p-b p-cC a’b’
D4u “ =" xay ra cho cé a) va b) khi vao chi khi A ABC déu:a=b=c
(p la ntra chu vi ctia tam giac AABC: p:a+b+c)

2

Bai 4: Cho A ABC, a, b, ¢ 1a s6 do ba canh cta tam giac. Chirng minh rang:
(b+c—a)(c+a—b)(a+b—c)s abc

Gidi

Ap dung BDT Co-si ta c0:

0<(b+c-a)(c+a-b) < (b+c—a)J2r(c+a—b) =cC
Os(c+a—b)(a+b—c) < (c+a—b);(a+b—c) = a
0<(b+c-aj(a+b-c) < (b+c—a);(a+b—c) =b

=  0< (b+c-a) (c+a-b) (a+b—c) < abc
Dau“="xayra< A ABCdéu:a=b=c.
7. K§ thuit 7: Ky thuit ghép cip nghich dio cho 3 s, n s6
Noi dung can ndm dugccac thao tac sau:
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1. (x+y+z)()1( i/ %J>9 VX, y,z2>0

2. (XXt +xﬁ{%+%>+ ......... 4=£]2|F VX, Xy ereenneny X >0
) n
Bai 1: Chtrng minh rang : b+C+CEa+a+b26 Va,b,c>0 1)
Ta bién doi (1) tuong duong: (1+ bf;_cj (1 ?j [l—k aT+bJ >9
1

C>a+b+c+b+c+a+c+a+b>9<3(a+b+q(a ; i] 9 (dpcm)

a b C

N s 2 2 2 9
Bai 2: Cht h ) + + > v >

! ne Mg S b " b+c c+ra a+b+c 3,bc>0
Gii , 7
Ta bién doi tuong duong BDT nhu sau:

1 1 1

2(a+b+ + + >

(a b C)(aer b+c c+aj o

= [(a+b)+(b+c)+(a+c)} (anltb+b41rc+cia] > 9 (dpcm )

C a b .3

5 brc T cras s Vva,b,c>0(BDT Nesbit)

Bai 3: Ching minh rang:

Giai

Ta c6 bién doi twong duong sau: (1-1— Lj—k(l—l—i +1+—|> §+3:9
a+b b+c 2 2

- a+b+c N a+b+c N a+b+c 29
a+b b+c c+a

1 1 1 9
> 2
a+b+b+c+c+aj"2

& (a+b+c)(

= [(a+b)+(b+c)+(a+c)} [anltb+b41rc+cia] > 9(dpcm)

c? a’ b? >a+b+c

Bai 4: Chirng minh rang: a+b+b+c+c+a_ 5 Ya,b,c>0
Giai
2. c2 3(a+b+c)
Ta bién do1 BPT nhu sau: | C+——
( a+bj ( j [ c+a] 2
= q}+ ¢ j+a@+ j+b1+ b > (a+b+q
a+b b+c c+a 2
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o (a+b+c){aC +-2

b 3(a+b+c)
+ >
+b b+c c+a}

2

& c + a + b 2§

a+b b+c c+a 2
C b 9
< @+a+bJ @+b c)+@+c+aj25

= Ha+b}%b+c%{a+@}(aib+bic+cia] > 9

8. K§ thuat 8: Ky thuat doi bién s6
C6 nhiing bai toan vé mit biéu thirc toan hoc twong ddi cong kénh hoic kho giai,
kho nhan biét duoc phuong hudng giai,ta c¢6 thé chuyén bai toan tir tinh thé kho
bién d6i vé trang thai dé bién doi hon. Phuong phap trén goi 1a phuong phap doi
bién.

c ,a_ b .3

26 brc cxra-2 Va,b,c>0 (BDT Nesbit)

Bai 1: Chiing minh rang:

Giai
b+c=x>0
pit: {c+a=y>0 c>a:y+;—x;b22+§—y;czx+g—2_
a+b=z>0

Khi d6 bat dang thirc dd cho twong duong véi bat dang thirc sau:

o YHZ-X Z4X-y  X+y-Z (Y X ( +§J+_X+5 >6
2X 2y 22 X y) \x z zZy

Bit dang thuc trén hién nhién dang, That vay ap dung BDT C6-si ta co:
VT > 2\/¥.5+2\/E.5+2\/¥.5 —2+42+2=6
X'y X'z z'y

Diu“="xdyra<>X=y=z<a=b=c

2 2 2
Bai 2: Cho AABC. Chirng minh rang: b+a(l: 3 C+kf)1 5 a+Cb— >a+b+c

Giai

b+c—a=x>0
bat: <.c+a-b=y>0 c>a:y+z;b:2+x;c:iil.
2 2 2
a+b-c=z>0

Khi d6 bat dang thirc da cho twong duong véi bat dang thirc sau:
(y+zf +(z+x)2 +(x+y)2

>
& X Iy 5 >X+y+1Z 2
Taco: VT (2) > E L xy 1y 2y X Xy +1[£+ﬂj
y z 2 x y) 2ly z) 2{x z
st lyz XXXy Y2 XY S Xty+z
S\ x y y z X Z

20/23



Bai 3:Cho AABC.CMR :(b+c—-a).(c+a-b).(a+b-c)<abc (1)
b+c—a=x>0
bat: <.c+a-b=y>0 c>a:y+z;b:2+x;c:§il.
2 2 2
a+b-c=z>0

Khi d6 ta co BBDT (1) twong duong véi bat dang thic sau:
X+Y Y+2Z Z+X

2 2 2
Ap dung BDT Co-si taco: 25Y Y+2 2 er X> JXYAJYZA2X =xyz (dpem)

2 2
Bai 4: Cho AABC. CMR:

1, 1 1 p "

(p-a) (p-b)* (p—c) (p-a)(p—b)(p—c)
Giai

Xyz <

p—a=x>0 11 1
Pat: {p-b=y>0 thi (1)< —+ +o>XTY+Z
X? y? z XyZ
p-c=z>0

(1, 1)1(1 1) 1/1 1 11 11 11

Xy yz X xyz
Diu“="xdyras>X=y=z<a=b=c< A ABC déu.

2)
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KET LUAN VA KHUYEN NGHI
&5

Pé tai "Mot sé ky thugt sir dung bdt ding thirc Cé - si"' budc dau di dat

dugc mot s6 muc dich cua nguoi viét:

- Hoc sinh rat hing tha, khong con so bat dang thic nhung lic méi tiép
can.

- Hoc sinh buéc dau van dung bt ding thuc C6 - si vao giai cac dang
toan don gian nhu: chirng minh bat dang thirc don gian; tim cuec tri dai sd.

- Hoc sinh ¢6 dugc cc k¥ thuit co ban st dung bat dang thirc Co-si va it
méc sai 1am khi van dung.

- Hoc sinh gioi van dung tot bat dang thirc Co-si trong céc ky thi hoc sinh
g161, thi vao truong chuyén 16p chon, thi vao 16p 10 THPT.

Két qua khéo sat trude va sau khi thuc hién dé tai (thuc hién voi1 52 hoc
sinh 16p 9G va 50 hoc sinh d6i tuyén thi hoc sinh gidi cap Quan va thi Olympic
cap Quan)

Biét bat dang | Timg dp dung | Pa biét vé cdc | Himg thi khi
thirc Co-Si BDT C6-si VAo | kj  thudt st | van dung bat
gidi todn dung BPT Cé- | dang thire Co-
si ma hoc sinh | Si
biét
Trudc khi 52% 30% 38% 35%
thuc hién dé
tai
Sau khi thuc 100% 90% 100% 86%
hién dé tai

Chiing ta déu biét vai trd quan trong cua bat dang thirc noéi chung va bét
dang thire Co-si trong toan hoc hién nay. Vai tro ndy vdi hoc sinh gioi toan, hoc
sinh chuyén toan lai cang quan trong. N6 gitp hoc sinh c6 nhirng kién thirc nén
vé bat dang thirc, tir d6 cac em co6 thé phat trién thém tu duy vé ching minh, st
dung bat dang thuic trong viée gidi cac dang toan tir don gian dén phurc tap.

Tuy nhién v6i goc nhin cta ca nhan, dé tai kho tranh khoi cac sai sot. Pac
biét la cac ky thuat st dung bat dang thirc Co-si chua day du, hé thong bai tap
chua phong phi. Ngudi viét rat mong mudn nhan dugc cac y kién dong gop dé
dé tai dugc hoan thién hon.

Moi ¥ Kién déng gép vui long lién hé:

Nguyén Cao Cuong
Truong THCS Thai Thinh - Quan Péng Pa — Thanh Phé Ha Noi

Dia chi: 131 A - Phé Thai Thinh — Quin Dng Pa — Thanh Phé Ha Noi
Email: nquyencaocuong.hanoi@gmail.com
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TAI LIEU THAM KHAO
&5

. Ha Van Chuong - 838 bai toan bat dang thic — NXB PHQG TPHCM.

. Nguyén Ptc Tan — Chuyén dé bat dang thic va tmg dung trong dai sb
(THCS) — NXB Gido duc

. Tran Phuong - Cac phuong phap chimg minh BDT - NXB TPHCM
. Tran Phuong — Nhiing sai 1am thudng gip khi giai toan.

. Nguyén Vii Thanh — Chuyén dé boi dudng hoc sinh gioi toan THCS : Pai
S6 - NXB Gi4o duc.

. Pham Quéc Phong — Nang cao dai s6 - NXB Gio duc.

. Nguyén Vian Mau -Giai phuong trinh v6 ti bang phuong phép khong mau
muc — NXB Giao duc.
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